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Abstract 

We consider a linear Schrodinger equation, on a bounded interval, with bilinear 
control. 

In [10) , Beauchard and Laurent prove that, under an appropriate non degeneracy 
assumption, this system is controllable, locally around the ground state, in arbitrary 
time. In [15) . Coron proves that a positive minimal time is required for this controlla- 
bility, on a particular degenerate example. 

In this article, we propose a general context for the local controllability to hold in 
large time, but not in small time. The existence of a positive minimal time is closely 
related to the behaviour of the second order term, in the power series expansion of the 
solution. 



1 Introduction 



1.1 The problem 

Let us consider the ID Schrodinger equation 



id t ip(t, x) = -d*ip(t, x) - u(t)fx(x)ip(t, x), (t, x) e R x (0, 1), 
4>(t,0)=tl;(t,l) = 0, ieR. 



(1.1) 



Such an equation arises in the modelization of a quantum particle, in an infinite square 
potential well, in a uniform electric field with amplitude u(t). The function /i : (0, 1) — > R is 
the dipolar moment of the particle. The system (|1.1[) is a bilinear control system in which 
the state is the wave function ip, with ||'0(OIIl 2 (o,i) = IjVt € R and the control is the real 
valued function u. 

In this article, we study the minimal time required for the local controllability of (|1.1[) 
around the ground state. Before going into details, let us introduce several notations. The 
operator A is defined by 

D(A):=H 2 nH^((0,l),C), A<p (1-2) 
Its eigenvalues and eigenvectors are 

\ k := (kn) 2 , Lp k {x) := V2sin(knx), Vfc e N*. (1.3) 
The family (tpk)keti-' is an orthonormal basis of L 2 ((0, 1),C) and 
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is a solution of (jl.ip with u = called eigenstate, or ground state, when k = 1. We denote 
by 5 the unit £ 2 ((0, 1), C)-sphere. In this article, we consider two types of initial conditions 
for (jl.ip : the ground state 

i>(0,x) = p 1 {x), £6(0,1), (1.4) 

or an arbitrary one 

^(O,a;)='0o(x), £6(0,1). (1.5) 



Now, let us define the concept of local controllability used in this article. 

Definition 1 Let T > 0, X and Y be rwrmed spaces such that X C L 2 ((0, 1),C) and 
Y C L 2 ((0, T), K). The system U.l\) is controllable in X, locally around the ground 
state, with controls in Y , in time T , if, for every e > 0, there exists 8 > such that, 
for every ipj £ SH X with \\ipf — ipi(T)\\x < S, there exists u £7 with < e such that 

the solution of the Cauchy problem il. satisfies ip(T) = ipf. 

In particular, this definition requires that arbitrarily small motions may be done with arbi- 
trarily small controls. 



1.2 A first previous result 

First, let us introduce the normed spaces 

/ oo \ V2 

H S {Q) ((0,1),C):=D(A S / 2 ), |M| Hfo) := \Y l \k s (<p,<p k )\ 2 j , Vs > 0. (1.6) 

The following result, proved in jlOI . emphasizes that the local controllability holds in any 
positive time when the dipolar moment [i satisfies an appropriate non-degeneracy assump- 
tion. 

Theorem 1 Let T > and [i £ H 3 {{0, 1),R) be such that 

3c> such that {(wi, <Pk)\, Vfe 6 N*. (1.7) 

There exists S > and a C 1 map T : f2y — > L 2 ((0,T),M.) where 

n T : = tyj g snHf 0) ((o,i),c);Hf -MT)\\w < *}, 

such that, r(^i(T)) = and for every ipf G fir, solution of the Cauchy problem il.l]) - 
\l.Ji-\ ) with control u := T(ipf) satisfies ip(T) — ijjf. 

First, let us remark that the assumption (11 . T[) holds for example with /J,(x) = x 2 . 
Actually it holds generically in ff 3 ((0,l),M) (see [TUJ Proposition 16]). Indeed, for 
/i £ H 3 ((0, 1),K), 3 integrations by part and the Riemann-Lebesgue Lemma prove that 

= 2 / ix{x) sin^x) sm(k7Tx)dx = 4[( ~ 1} + V(1)~^( )] + ( M . (L8) 



In particular, a necessary (but not sufficient) condition on fj, for (|1.7p to be satisfied is 
/i'(l)± M '(Q)^0. 

Note that the function spaces in Theorem [T] are optimal. Indeed, they are the same as 
for the well posedness of the Cauchy problem (ll.ip - (|1.4j) (see Proposition QJ . 
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Finally, let us summarize the proof of Theorem [T] in [TU]. This proof relies on the linear 
test (see |16l Chapter 3.1]), the inverse mapping theorem and a regularizing effect. In 
particular, the assumption (jl.7l) is necessary for the linearized system to be controllable in 
H? Q J(0, 1), C) with controls in I/ 2 ((0, T), R). When one of the coefficients (fitpi, fk) vanishes, 
then the linearized system is not controllable anymore and the strategy of [10J fails. 

1.3 A second previous result 

The first article in which a positive minimal time is proved, for the local controllability of 
system similar to 1() . is [TS] . In this reference, Coron considers the control system 



where the state is (-0,s,d) and the control is the real valued function u. This system 
represents a quantum particle in a moving box: u, s, d are the acceleration, the speed and 
the position of the box. 

Note that, here, the relation (|1.7p is not satisfied: 



thus Theorem Q] does not apply. 

On one hand, it is proved in [9] that this system is controllable in HJ -, ((0, 1), C) x R x R, 
locally around the ground state (ip = ipi,s = 0, d = 0), with controls u G L°°((0, T), R), in 
time T large enough. 

On the other hand, Coron proved in [TS] that this local controllability does not hold in 
arbitrary time: contrary to Theorem [TJ a positive minimal time is required for the local 
controllability. Precisely, Coron proved the following statement. 

Theorem 2 There exists e > such that, for every d and u G L 2 ((0, e),R) satisfy- 
ing \u{t)\ < e,Vt G (0,e), the solution (ip,s,d) G C°([0, e], i#((0, 1), C)) x C*°([0, e],R)_x 
(^([O^R) o/fTiP such that (^),s,d)(0) = (?/>i(0), 0, 0) satisfies (ip, s,d)(e) ^ (V>i(e), 0, d). 

The goal of this article is to go further in this analysis: 

1. we propose a general context for the minimal time to be positive (in particular, the 
variables s and d are not required anymore in the state), 

2. we propose a sufficient condition for the local controllability to hold in large time; this 
assumption is compatible with the previous context and weaker than (|1.7|) . 

3. we work in an optimal functional frame, for instance, our non controllability result 
requires u small in iJ _1 -norm, not in L°°-norm as in Theorem [21 

4. we perform a first step toward the characterization of the minimal time. 

1.4 Main results of this article 

The first result of this article is the following one. 

Theorem 3 Let K G N* ; /i G H 3 ((0, 1),R) be such that 




u(t)(x-l/2)Tp(t,x), (t,x) G R x (0,1) 
t G R, 
t G R, 



(1.9) 




(lJ,cpi,(p K ) = and A K := ((//) 2 <pi> Vk) ^ 0, 



(1.10) 



3 



and ax € {— 1, +1} be defined by 



a K := sign{A K ). 



(1.11) 



There exists > such that, for every T < T^, there exists e > such that, for every 
u £ L 2 ((0,T),R) with 



the solution of II 1.1)) satisfies ^ [vl - S 2 <fi + io-K^fK^ %XlT for every 5 > 0. 

First, let us remark that the assumption (|1.10p holds, for example, with (j,(x) = (x— 1/2) 
and K = 1. In particular, Theorem [3] applies to the particular case studied by Coron in [15] . 
Thus, the variables (s, d) are not required in the state for the minimal time to be positive. 
Moreover, the control u does not need to be small in L°° as in Theorem a smallness 
assumption in i/ _1 (0,T) is sufficient. 

Note that the validity of the same result without the assumption ' 'Ak ^ 0' is an open 
problem (see remark [2] for technical reasons). A possible (but not optimal) value of T^- is 
given in (|3 . 1 8[) . The proof of Theorem [3] relies on an expansion of the solution to the second 
order. 

The second result of this article is the following one. 
Theorem 4 Let fi £ H 3 ((0, 1),R) be such that 



Then, the system U.l)) is controllable in H 3 ^((0, 1), C), locally around the ground state, with 
controls u G L 2 ((0,T),R), in large enough time T. 

A direct consequence of Theorems UJ and 0] is the following result. 

Theorem 5 Let fi e # 3 ((0,1),R) be such that n~TU\) and ItTJO)) hold for some K e N*. 
Then, there exists T m i n > such that the controllability in H? Q M0, 1), C), locally around the 
ground state, with controls in i 2 ((0,T),R) does not hold when T < T m i n , and holds when 
T ^> T m j n . 

First, let us remark that the assumption (|1.13|) is weaker than (|1.7p and that the assump- 
tions (jl.lOp and (|1.13p are compatible: consider, for instance /x(x) :— x 1 — (x 2 ipi, ^2)^2/^1- 

Note that an explicit upper bound Tj for the minimal time T m i n is proposed in the proof 
(see g33])). 

Let us emphasize that, when /i'(0) = fJ-'(l) = 0, then, the appropriate functional frame 
stops to be (ip € H^ Q yU € L 2 ). For instance, with the tools developed in this article, 

one may prove: if L € N, (j, £ H 2L+3 ((0, 1), R) are such that ^ 2k+1 )(0) = ^( 2fc+1 )(l) = 
for k = 0,...,L and ^( 2i+1 )(0) ± ^( 2i+1 )(l) ^ 0, then, the system (JTTJ is controllable in 
H 2 ^ +3 ((0, 1), C), locally around the ground state, with controls in L 2 ((0,T),R), in large 
enough time T. 

Finally, let us summarize the proof of Theorem 2) Under assumption (|1.13p . only a finite 
number of the coefficients (iMpi,ipk) vanish (see (|1.8p ). Thus, the linearized system around 
the ground state is not controllable along a finite number of directions. We will see that all 




(1.12) 



//(0)±m'(1)^0. 



(1.13) 
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of these directions are recovered at the second order. Moreover, all these directions excepted 
one, present a rotation phenomena in the complex plane, for the null input solution. Thus, 
our proof is an adaptation of |13| . 

Under a weaker assumption than (|1.13[) and still in the framework (ip g H^,u G L 2 ), 
we prove the following result. 

Theorem 6 Let fx € H 3 {{0, 1),R) be such that 

/i'(0) = //(l) ± («W(0) = -/*'(!) + 0), (1.14) 

NeW and Pjv be the orthogonal projection from L 2 ((0, 1),C) to Vjv := 
Span{ifk',k is odd and ^ N or k is even } (resp. Yn '■= Span{(pk]k is even and ^ 
N or k is odd } ). Then, for every e > 0, there exists T > and 8 > such that, for 
every %j)f <E Vat n if ( 3 0) (0, 1) with \\ij)f - F N ipi(T)\\ < S, there exists u £ i 2 (0,T) with 
\\u\\ L 2 < e such that the solution of il. satisfies PniP(T) — tpf. 

Under assumption (|1.14p . we prove that 

1. an infinite number of directions are controlled at the first order, in any positive time, 

2. all the lost directions are recovered either at the second order, or at the third order, 

3. any direction corresponding to vanishing first and second orders, are recovered at the 
third order in arbitrary time. 

Note that even if /x'(0) = /i'(l) ^ (resp. ^'(0) = — /i'(l) 7^ 0), one may sometimes control 
the whole wave function ip in large time. For instance in [S], the local controllability in 
# ( 7 0) ((0, 1), C), with controls in H%((Q, T), R), in large time T, is proved for (i(x) = (x-1/2), 
with the return method. 

1.5 A review about control of bilinear systems 

The first controllability result for bilinear Schrodinger equations such as is negative 

and proved by Turinici [27J, as a corollary of a more general result by Ball, Marsden and 
Slemrod [2J. Because of this noncontrollability result, such equations have been considered 
as non controllable for a long time. However, progress have been made and this question is 
now better understood. Let us also mention that this negative result has been adapted to 
nonlinear Schrodinger equations in [19j by liner, Lange and Teismann. 

Concerning exact controllability issues, local results for ID models have been proved in 
El LT] by Beauchard; almost global results have been proved in [S], by Coron and Beauchard. 
In |10j . Beauchard and Laurent proposed an important simplification of the above proofs. In 
|15| , Coron proved that a positive minimal time may be required for the local controllability 
of the ID model. In [S], Beauchard studied the minimal time for the local controllability of 
ID wave equations with bilinear controls. In this reference, the origin of the minimal time 
is the linearized system, whereas in the present article, the minimal time is related to the 
nonlinearity of the system. 

Let us emphasize that exact controllability has also been studied in infinite time by 
Nersesyan and Nersisian in [291 130] . 

Now, let us quote some approximate controllability results. In [11] Mirrahimi and 
Beauchard proved the global approximate controllability, in infinite time, for a ID model 
and in |23| Mirrahimi proved a similar result for equations involving a continuous spec- 
trum. Approximate controllability, in finite time, has been proved for particular models by 
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Boscain and Adami in pQ, by using adiabatic theory and intersection of the eigenvalues in 
the space of controls. Approximate controllability in finite time, for more general models, 
have been studied by 3 teams, with different tools: by Boscain, Chambrion, Mason, Sigalotti 
[TH |2"B1 with geometric control methods; by Nersesyan [2"5l I26"| with feedback controls 
and variational methods; and by Ervedoza and Puel |18| thanks to a simplified model. 

Optimal control techniques have also been investigated for Schrodinger equations with 
a non linearity of Hartee type in [3l |4j by Baudouin, Kavian, Puel and in [17] by Cances, 
Le Bris, Pilot. An algorithm for the computation of such optimal controls is studied in [5] 
by Baudouin and Salomon. 

Finally, let us quote some references concerning bilinear wave equations. In [22, 21, 20J, 
Khapalov considers nonlinear wave equations with bilinear controls. He proves the global 
approximate controllability to nonnegative equilibrium states. 

1.6 Notations 

Let us introduce some conventions and notations valid in all this article. Unless otherwise 
specified, the functions considered are complex valued and, for example, we write Hq(0, 1) 
for Hq ((0, 1), C). When the functions considered are real valued, we specify it and we write, 
for example, L 2 ((0,T),R). The same letter C denotes a positive constant, that can change 
from one line to another one. If (X, ||.||) is a normed vector space, x € X and R > 0, 
Bx{x, R) denotes the open ball {y G X; \\x — y\\ < R} and Bx(x, R) denotes the closed ball 
{y E X] \\x — y\\ < R}. We denote by (., .) the L 2 (0, l)-scalar product 



and by Tgtp := {£ G L 2 (0, 1); 3t((p, £) = 0} the tangent space to S at any point ip € S. 
1.7 Structure of this article 

In Section [2J we recall a well posedness result concerning system (jl.ip . In Section [31 we 
prove Theorem [3J In Section 21 we prove Theorem 2] thanks to power series expansions to 
the second order as in [13J (see also ([16, Chapter 8])). In Section [51 we prove Theorem [5] 
thanks to power series expansions to the order 2 and 3. In Section [51 we perform a first 
step toward the characterization of the minimal time, in a favorable situation. Finally, in 
Section [71 we gather several concluding remarks and perspectives. 

2 Well posedness 

This section is dedicated to the well posedness of the Cauchy problem 



proved in [10, Proposition 3]. 

Proposition 1 Let fi £ H 3 ((0, 1), R), T > 0, ip e # ( 3 0) (0,1), / G i 2 ((0,T),iJ 3 n Hi) 
and u G L 2 ((0, T), M). There exists a unique weak solution of \2.1)) . i.e. a function ip G 
C°([0, T], -ff 3 )) such that the following equality holds in H? JQ, 1) for every t G [0, T], 





(2.1) 



r/,(t) = e- iAt i> + i I e- iA ^[u(T)fii}(T) + f(r)]dr. 



(2.2) 



o 
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Moreover, for every R > 0, there exists C = C(T, /i, R) > such that, if ||m||l 2 (o.t) < R> 
then this weak solution satisfies 

IMIc°([o,T],ir ( 3 0) ) < c(ll^o|| jr f 3 0) + ll/llL2((o,T),i?3niri(o,i)))- ( 2 - 3 ) 

If f = then 

ll^(t)IUw) = HV'o||^(o,i) ! Vte[0,T]. (2.4) 

3 Proof of Theorem O 
3.1 Heuristic 

Since we are interested in small motions around the trajectory (ip = tpi, u = 0), with small 
controls, it is natural to try to do them, in a first step, with the first and the second order 
terms. Let us consider a control u of the form u = + ev + e 2 w, then, formally, the solution 
i/j of (fj~Tj) - (fi~4|) writes ip = ipi + + e 2 £ + o(e 2 ) where 

= -a 2 * - v(t)n(x)ih , (t, x) 6 (0, T) x (0, 1), 
¥(t,0) = *(t,l) = 0, te(0,T), (3.1) 

*(0,a;) = 0, a; 6(0,1), 

iS t £ = -<9 2 £- u(t)/x(x)* - w(t)fj,(x)ijji, (t,x) 6 (0,T) x (0,1), 
£(i,0)=£(M) = 0, te(0,T), (3.2) 

C(0,x)=0, s 6(0,1). 

From the property \\ip{t)\\ L 2 = 1, we deduce that U{$(t),ipi(t)) = (i.e. <&(i) 6 T s tpx(t), 
Vt) and ||*(t)|| 2 2 + 23?(^(t),Vi(*)> = °- We have 



3=1 J ° 



x). (3.3) 



where 

-J,: A, A,. VjeN*. (3.4) 

Let us assume that (|1.10[) holds for some K 6 N*. By adapting the choice of u G 
L 2 ((0,T),R), VE'(T) can reach any target in the closed subspace Adh^ ( [Span{<^fc; k 6 

N*, k e J}] where 

J:={i€Pr;< m ,^)^0} (3.5) 

(see Proposition Q33 in Appendix); but the complex direction (^(T),iPk(T)) is lost. Let us 
show that, when T is small, the second order term imposes a sign on the component along 
this lost direction, preventing the local exact controllability around the ground state. 

Thanks to and we have 

(d(T),MT))=Q 2 K , T (v), (3.6) 

where 

Q 2 k,t{ v )--=I v(t) f v(r)h 2 K (t,T)dTdt, (3.7) 
JO Jo 

oo 

h%(t,r) := -^(^.^X^.^le'l^-^+'V^r]. ( 3. 8) 
j'=i 

Integrations by part show that 

C 

IWifj^j)! and Kwii¥>j)l < ^3>Y? e N *> ( 3 - 9 ) 
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for some constant C — C(/i) > 0, thus h 2 K E C°(R 2 , C) and the quadratic form Q 2 K T is well 
defined on L 2 ((0, T), R). In particular, 

m(T),me-* XlT )} =Q 2 K , T {v) (3.10) 

where 

Qk,t{v)-= [ v(t) [ v( T )h 2 K . T (t,T)dTdt, (3.11) 
Jo Jo 

oo 

h 2 KT (t,T) := )](tKpK, ¥>j)(Wj» yi) sin[(Aj - A^)i - Wj-t + (A# - Ai)T]. (3.12) 

3=1 



Let us try to move e\&(T) + e 2 £,(T) in the direction of +ia.K-<pKe %XlT ( see (jl-lip for 
the definition of otic)- Since \&(T) lives in Adhg^ ( ,i) [Span{<^fc; fc 7^ ^}]> then, necessarily 
$(T) = 0, i.e. v belongs to 

V T ■■= iv G L 2 ((0,T),R); v(t)e iUjt dt = 0,Vj G (3.13) 

and £(T) = i5aK<PKe~ lXlT for some <5 > 0. Thus the sign of Q 2 KT {v) has to be ajj. The 
following lemmas show that this is not possible when T is small, 

Lemma 1 For every v G Vr, we /iawe Q 2 xt{ v ) ~ Qk,t{S) where S(t) := J^v(r)dT and 

Qk,t{S)~-A k f S(t) 2 cos[(X K - X 1 )(t-T)]dt+ [ S(t) [ S{r)k K , T {t,r)drdt, (3.14) 
Jo Jo Jo 

00 

kK,T(t, t) := y^(Aj - \k)u 3 (fi(pi,tfj)(fi(PK,<Pj) sin [(Aj - Ak)* - ^-r + (A x - Ai)T] . (3.15) 
3=1 

Remark 1 Note that Qkt is well defined on L 2 (0,T) because kx t G L°°(R x R) (see 

Proof of Lemma [1} Let T > and v € Vt — {0}. Integrations by parts show that, for 
every j G J, 

Jo v CO Jo* «Me^ A ^ A *)*-^ T Wdi 
= -J T ^W (v^e*^-**)* + i(A j - AK)/ Q t w(T)e l [( A ^ A ^)*-^ r ldr) eft 
= -iS(T) V( A *- A *) T + i(Ai ~ Ak) J T S^V^-^dt 

- X K ) Jo S(t) (s(t)e« Xl - x *» + iujj /„' ^rJe'K^-^)*-^^^) df 

= -^(r) 2 e i ( A i- A ^) T - i (A J -^±^)/ r 5(t) 2 e t ( Ai - A ^)*^ 

+ (A, - A*M / T £ 5(r) e *K^-^)*-«^]drdt. 



The relations 



3=1 



3=1 

give the conclusion 



00 / A + A - \ 

{^i 1 2 A J (m,fj)(»>^) = ((mOVi^x) =^Jf- (3-16) 



Lemma 2 Let \x G H 3 {{0, 1),R) be such that H~W\) holds for some K G N*. There exists 
T K > such that, for every T < T K 

e*.*(S)j t~A^fZ d 2i A A K> ° f : ) e L\(0,T),R). (3.17) 

Remark 2 T/iis statement enlightens the importance of the assumption Ak ^ in Theorem 
Indeed, if Ak vanishes then we do not know whether the quadratic form Q K T has a sign 
on Vt in small time T . Note that another integration by parts (leading to a quadratic form 
in o~(t) := J Q S) is not possible, because of problems of divergence in infinite sums. 

Proof of Lemma [2} One may assume that Ak > 0, cik — L We define the quantity 

oo 

C K ■= K A J ~~ x K)uj{nipi,<Pj){nipK,Vj)\- 

3=1 

Thanks to (|3.16p and p.iup . there exists i G N* - {1. K} such that (ti<pi,<Pj){fi<PK,<Pj) 7^0. 
Thus, C'k > 0. We introduce 

r ^if^ = i, 

T* K := 2Cl / \a k \ g 1 ., „ > . (3.18) 

Let T G (0,T£). Thanks to the inequality 

cos[(Ax-Ai)(t-T)]>i vte(o,r), 
(inHH) , lHHH and Cauchy-Schwarz inequality we get, for every S G L 2 ((0, T), R), 

Sk,t(^) < -4f ; T s^ 2 * + r T |s(t)| /* |s(t)|^ 

< -\[A K -TC K ]^ S{tfdt. 

■ 

With additional arguments, one may prove that, for T < T K , 

su V {Q% t (v);v€VtA\v\\ L 2 = 1} = 0. 

The non existence of a positive constant c(T) > such that 

Qk,t(v) «S -c(T)|M| 2 2 ,Vv G ^r,VT < T* 

prevents from proving the non controllability in the framework (ip G i?? ^ (0, 1), it G L 2 ) (such 
an inequality would allow to deal with the nonlinear terms) . Our solution relies on the fact 
that, for T small, the quadratic form Q\ T is coercive in S(t) := / v(s)ds (see (l3~T7l) 1. Thus, 
for the negative result, we need to work in a framework (ip G Hq(0,1),S G L 2 (0,T)) or, 
equivalently (ip G i?Q (0, 1), u G i? _1 (0, T)). This is why our analysis relies on an auxiliary 
system studied in the next section. 

3.2 Auxiliary system 

Let us consider the system 

f id t ^ = -f%$-ia(t)[2n'(x)d x $ + n"{x)$\ + s(t) 2 ^'(x) 2 ^, (t,x) G (0,T) x (0, 1), 
\ ^(t,0) = ^(t,l) = 0, te(0,T). 

(3.19) 
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It is a control system in which the state is ip, with || ^C*) 1 1 z, 2 = 1 an d the control is the real 
valued function s. The system p,19[) results from (jl.ip through the transformation 

iP(t, x ) = ^{t,x)e ts{t)tl{x) where s(t) := [ u(r)dr, (3.20) 

Jo 

which is also used in |15) . We will work with initial conditions 

$(0,x)=Mx), are (0,1). (3.21) 

or 

i>(0,x) = cpi(x), 16(0,1). (3.22) 

The well posedness of the Cauchy problem (|3.19l) - (|3.21l) may be proved similarly to [TOl 
Proposition 3]. 

Proposition 2 Let fi 6 # 3 ((0, 1), R), T > 0, ^ 6 £#(0,1), / 6 L 2 ((0, T), £^(0, 1)) 
and s 6 L 2 ((0, T), R). There exists a unique weak solution ip £ C ([0, T], Hq (0, 1)) o/ 
Il3.19p - I3.21p . Moreover, for every R > 0, t/iere exzsis C = C(T,fi,R) > suc/i f/mi, i/ 
ll s lli 2 (o,r) < R> then this weak solution satisfies 

ll^llco([o,T],Hi) < c(ll^o|| ff i + II/IIl2((0,T),H1))- (3-23) 

If f = then 

IM*)lli»(o,i) = 11^)11^(0,1). Vte [0,T]. (3.24) 
The proof of Theorem [3] is a direct consequence of the following result. 

Theorem 7 Let K 6 N*, £t 6 i? 3 ((0, 1), R) fee suc/i f/iaf (7773)) holds and T£ &e as m 
Lemma [D For every T < T^, there exists e > smc/i </ia< /or every s G L 2 ((0,T),R) wzi/i 
||s||x,2 < e, ifte solution of the Cauchy problem l3.19\) - ![3. 22\) satisfies 

$(T, .) ^ (Vl-S 2 ^! + ia K 6<p K )e- iXlT e ie >*,VS > 0,V6> 6 R. (3.25) 
The proof of Theorem [7] requires several steps, thus, it is developed in Section |3~41 



3.3 Proof of Theorem thanks to Theorem [7] 

Let T < T£. Let e > be as in Theorem [7] Let u 6 L 2 ((0,T),R) be such that the 
function s(t) := j Q u{r)dT satisfies || s]| x, 2 (o,T"") < e - Let us assume that the solution of 
the Cauchy problem (fl~T1) - ([3~2"2l satisfies ip(T) = (y/l - S 2 ip 1 + ia K 5ip K )e~ iXlT for some 
5 > 0. T hen, the function ip defined by (|3"72"0")) solves ([3~1B - ([3~2T|) and satisfies ip(T) = 
(y/l — 5 2 tpi + ictK 5(fK )e _lAlT e _ls< - T - lAt . Thanks to Theorem [JJ this is impossible. 



3.4 Proof of Theorem \7\ 

The proof of Theorem [JJ requires the following preliminary result. 

Proposition 3 Let T > 0, K 6 N* } fx 6 H 3 ((0, 1),R) &e sucft tftai (fj,(pi,(p K ) = 0. T/iere 
exists C = C{T) > suc/i i/iai, /or every s 6 i 2 ((0,T),R) iwtfi ||s|| L 2 < 1, </ie solution of 
$JM-WM) satisfies 



9(^(T),^e- lAlT ) - Gjf,r(«) < C||s||| a , 



mT),MT))\^C\\sf L „ 



z^dt 



jeJ-{i} 



<C|Mli»- 



(3.26) 
(3.27) 

(3.28) 
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Proof of Proposition [3j Let T > 0, s 6 L 2 ((0,T),R) with ||s|| L 2 < 1, ifi be the solution 
of ([33g|) - (pT2"2"|) . Let $ and £ be the solutions of 

idtV = -§y-is(t)[2fj l '(x)d x i> 1 + f i"{x)i> 1 }, (t, x) G (0, T) x (0, 1), 

*(t,o) = *(i,i) = o, *e(o,T), 

*(0,x) = a: 6(0,1), 

id t l= -d^-is(t)[2 t i'(x)d x ^ + l j,"(x)^] + s(t) 2 f Jl '(x) 2 ^ 1 , (t,x) 6 (0,T) x (0,1), 
gt,0)=£(t,l) = 0, te(o,T), 
£(0,a;)=Q a; 6 (0,1). 

Easy computations show that 

(l(T)MT)) = -iA* f T S(t)V( A *- A ^ 

+ £ u (\k - A.-Xwk, Vj)(m<Pi) So S W Jo sMe^+^-^'W*. 

Thanks to Proposition [21 we get a constant C = C(T) > such that for every s 6 
i 2 ((0,T),M) 

11$ - ^i - *IU-((o,r),-ffJ,)> ^Ni" and ||$- ^i - * - fiU<»((o,r) ) Hj J) ) < ^IMIl 2 - 
Thus, 

3#),^e- AlT )-gx,T(s) = 3(^-^1 -*-C)(T),^e- lAlT ) < C|| S ||| 2 , 



\Z(i;(T),MT))\ = |3<(V ~ V>i ~ *)(T), Vi(T))| < C|| 



((^(T), ^(T)) - Wi < m , pi) / T a (t)e^* 
($-^-¥)(T),^(T)) 



(if 



|L 2 ) 



ft 1 



(V>-^l-*)(T)|| H a 



/i 1 



< C|MI 



L 2 ' 



Proof of Theorem [7j One may assume that Ak > 0, oik = 1- Let T < T£. Working 
by contradiction, we assume that, for every e > 0, there exists s e 6 L 2 ((0,T),M) with 
II s e || l 2 < e such that the solution t/> £ of (|3.19p - (|3.22p satisfies 



^ e (T,.) = (v/l^F^i +^^if)e ie ^«e- <AlT 
for some S e > and e € R. Then 9 e , S e — >• when e -> 0. 
first step: Lef us prove that 

\0 e \ + \5 e \= 0(\\a e \\ L ,). 
Thanks to (|3.23p . there exists C > such that 

||(& - Vi)(r)||£» ( o,i) < c|| Se |U 2( o,T), ve > o. 



(3.29) 



(3.30) 
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Moreover, thanks to (|3.29p and the assumption ((iipi^x) = 0, we have 

l\\^ e -^)(T)\\ l 2{01) 
= 1 — 5i J ■4> t {T,x)ipi{T,x)dx 

= 1- Jo U/l - 5^ip 1 (x) 2 cos[6» e ^(a;)] - 5 e ipi(x)(p K (x) sin[9 e fj,(x)]\dx 

= i - (i - f + O(St)) (l - f Umll 2 + O(0 £ 4 )) + o o M) 

= f + f|| m f + 0^4 + ^4 + ^03). 

We get (|3.30p thanks to the 2 previous relations. 
Second step: Let us prove that 

9<&(7We- aiT > = 5e + O (|| Se ||| 2 ). (3.31) 

Thanks to (|3.29p and the assumption ((upi, ^pk) = 0, we have 

3(^(T),^e- jAlT ) = Jo ( v /I^ e r ^i(x)^(a;)sin[^ M ^)] + 5 e ^(a;) 2 cos[^(x)])dx 

= <y e + o (0 3 + M 2 ). 

We get ([3~3Tjl thanks to [pOO]) . 

TTiird s£ep: Conclusion. Thanks to (I3.3ip , (I3.26P and (|3.17p , we get 

< 5 e = Q# e (T),^ e -^ r ) + e O o (\\s e \\ 3 L2 ) 

= fijc,r(« e )+ e O (ll*c|li,r 
<-^lke||| 2 + O o (||* e ||i a ), 

which is impossible when e is small. ■ 

4 Proof of Theorem 3] 
4.1 Preliminaries 

The goal of this section is the proof of the following result. 

Proposition 4 Let \x € H 3 ((0, 1),R) be such that fi'(0) ± /i'(l) ^ 0. 

1. Then, N :— G N*; (/j,tpi,(pk) = 0} is finite. 

2. Let K\ < ... < Kj\[ 6 N* 6e swc/i i/iai (m^Ij Vifj) — / or J = 1> •••> Then, for every 
j G {1, N} and T > i/iere exists v € Vr smc/i i/iai Q 2 ^ 7^ 0. 

5. We /iaue 

3c> suc/i ttat K/^i,^)! > ^,Vfc e N* - {#!,..., if at}. (4.1) 

We recall that Q 2 KjT is defined in t[^7f ]l -([5T5 |) . and V T in (pmj)l . For the proof of Propo- 
sition HI we need the following preliminary result. 

Proposition 5 Lei /1 <E i? 3 ((0, 1), R) and if e N* 6e suc/i i/iai (h^k, <Pn) </?i) 7^ /or 
some n G N* . The following statements are equivalent. 
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• There exists T* > such that, for every T < T* , Q\ T = on Vt- 

• The support of the sequence ((inpK,fj)(^j,^Pi})jeN* is contained in the finite set 

{j* G Jn [l,K];3k* G Jn[i,K],x jt -\i = x K -x k ,}. 

Moreover, for every j*,fc» G J D [1,K] such that Xj r — X\ = Xk — Xk, then 
(WK,<Pj«)(Wj m ,<Pl) = (^K,fk,)(^k,,fl)- 

Proof of Proposition[5j To simplify the notation of this proof, we write Qt and h, instead 
of Q\ T and h\. Let us assume that Qt = on Vt, for every T <T*. Then VQt(v) A. Vt, 
for every v G Vt and T < T*. Easy computations show that, for v G Vr, 

VQ T (v) : 1 1-> / v(T)h{t,T)dr+ [ v(T)h(T,t)dr = [ v(r)[h(T,t) - h(t,T)]dr. (4.2) 
Jo Jt Jt 

First step: Let us prove that VQ T (v) = 0,V« G V T . Let T, T x be such that < T < T x < T* 
and v G Vtx supported on (0,T). Since VQt x (v) _L Vt x , there exists a unique sequence 
(afe)feez-{0} € ' 2 such that 

OO OO 

VQ r » = J]a fce l ( A ^ Al )* +J]a_ fce -^- Al )* in L 2 ((Q t Ti),R) 

k=l k=2 

(decomposition on a Riesz-basis) . We have WQt ± (v) = on (T, T{) because v is supported 
on (0,T) fsee (|4.2l) ) Thanks to Ingham inequality on (T, T{) we get a>k — 0,Vfc (see Propo- 
sition [TO] in Appendix). 

Second step: Let us prove that h(r,t) = /i(i,r),Vi, r G [0,T*]. Thanks to the first step, we 
have 




v(T)[h(T,t) - h(t,T)]dr = 0, VO < t < T < T*,W G V T . (4.3) 



Note that, if T G (0,T*) and t G (0,T) are fixed, then Vt|( 4 ,t) = L 2 (t,T) (see Proposition 
fTTJ]) . Thus, we deduce from (j4.3|) that r i-> h(t,r) — h(r,t) vanishes in L 2 (t,T), for every 
< £ < T < T*. This gives the conclusion because the function (t,r) i-> h(r,t) — h(t,r) is 
continuous. 

Third step: Conclusion. Let fc* G N* be such that := (fJ-tfK , y>k*} {fi>y>k* , Vl) 7^ 0- The 
equality /i(t, r) — /j(t, t) = with r = gives 

ftk-e**** - ***)* = J2 b i ei{Xj ~ Xl)t ~ J2 he i{XK ~ Xk)t . (4.4) 
jeJ fee./-{fe*} 

The equality r) - /i(t, t)} = with t = gives 

(A*. - A 1 )6 fc .e < ( A *- A **) t = ^(A* - AjOftj-e*^-^)* - £ (A fe - A 1 )6 fc c i ^- A *)*. 

je./ fee,/-{fe*} 

In the right hand side of the 2 previous equalities, the frequencies (Aj — Ai) are for every 
j G J, while the frequencies (Xk — Xk) are negative for every k > K. Thus, for every k > K 
the frequency (Xk — Xk) appears only one time in the right hand side of each equality. The 
uniqueness of the decomposition on a Riesz basis gives 

(A fe . - Xx)b k = (X k - X 1 )b k ,yk > K with k ± k*. 

Thus, 6fe = 0, Vfc G J — {k*} with k > K. Coming back to (14.41) . we only have a finite sum 
in the right hand side, over j G J with j ^ K and over k G J — {k*} with k ^ K. We 
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deduce the existence of a unique j* £ J with j* ^ K such that \k — A&. = Aj* — Ai and 

Reciprocally, let a := Xk — Afc» = Aj* — Ai, /3 := Aif — Aj* = A&* — Ai. Then h(t,r) := 
6 fe » [e^t+M + e i^*+ar]] ) satisnes ^ r ) = ft( Tj t j an d VQ T = on Vy, for every T > 0. By 
linearity, the same conclusion holds when h is a finite sum of such terms. 

■ 

Proof of Proposition [4} Thanks to three integrations by part and the Riemann-Lebesgue 
Lemma, we get 

(fjup K ,ip n ) = 32 + o — . (4.5) 

Thus, for A: large enough (^,(pi,ipk) 7^ 0. This proves the first and third statements of 
Proposition 01 

Let j £ {1,...,N}. Thanks to (14. 5p . we have simultaneously (fiipi,ipk) 7^ and 
(fiifKj , <Pk) 7^ for arbitrarily large values of k. Thus, Proposition [5] gives the conclusion. 



4.2 Strategy for the proof of Theorem |4] 

Until the end of SectionH we fix \i £ H 3 ((0, 1),M) such that ^'(1) ± //(0) / 0, JV £ N and 
K\, ■■■,Kjsr £ N* as in Proposition @] To simplify the notations, we assume that K\ = 1. 
We define the space 

H := Span c (Vfc(T), k £ N* - {K u K N }) , (4.6) 
and, for j = 1, N the space 

f Span c if #3 7^ L , 4 7 ^ 

■ \ zSpan R (V>i(T)) if Kj = 1. ^ 

Let 

AT 

A/:=0Af J . (4.8) 
j'=i 

The global strategy relies on power series expansion of the solutions to the order 2 as in [13] 
(see also [HI]). In Section |4~51 we prove the local exact controllability 'in W, with a first 
order strategy. Then, in Section 14.41 we prove that any direction in M is reached with the 
second order term. Finally, in Section [4.51 we conclude thanks to a fixed point argument. 

4.3 Controllability in H in arbitrarily small time 

Let us introduce the orthogonal projection 

V T - £ 2 (0,1) -> H 

V> >-> i>-'t{^K i (T))il> Kj (T) (49) 

3=1 

The goal of this section is the proof of the following result. 

Theorem 8 Let T%,T > be such that T% < T. There exists Si > and a C 1 -map 
r [Tl , T] : n Tl x fl T -> L 2 ((Ti,T),R) w/iere 

fi Tl := {V^o e 5n ff ( %(0, 1); ||Vo - < <5i}, 



(0) 
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n T := {ipf eHD Ff 0) (0, 1); u f - Vt[MT)]\\h? 0) < M 

such that T[ Ti T }('iPi(Ti),T't[iPi(T)]) = and for every {ipo,ipf) G fiji x ^t, the solution of 
with initial condition ip(Ti) = V'o an d control u := ^\T lt T] ("00; ipf) satisfies Pr['0(T)] — 

This theorem may be proved exactly as Theorem [T] in [10 . We recall the main steps of 
the proof because several intermediate results will also be used in the end of this article. To 
simplify the notations, we take T\ = 0. 



Thanks to Proposition [TJ we consider the map 

(4.10) 



6 T : [SnHf 0) (0,l)\ xL 2 ((0,T),R) -> [5 n Hf Q) (0, 1)] x [ft n Hf 0) (0, 1)] 



where -0 is the solution of (|l.l[) - (ll.5p . Then Theorem [5] corresponds to the local surjectivity 
of the nonlinear map Qt around the point (</?i, 0), that will be proved thanks to the inverse 
mapping theorem. Thus, the first property required is the C 1 -regularity of Qt, which is a 
consequence of [10, Proposition 3]. 



Proposition 6 Let T > and fjt G H 3 ((0, 1),R). The map 9 T defined by (JUfy is C 1 . 

Moreover, for every ipo^o G H^(0, 1), u,v G L 2 ((0, T), R), we have 

dQ T (4> a , u).(* , v) = (* , Pt[*(T)]) (4.11) 

where 'J is the weak solution of the linearized system 

idtW = -d 2 * - u(t)/i(a;)tf - v(t)n(x)i/3, {t, x) G (0, T) x (0, 1), 
$(t,0) = *(t,l) = ) *G(0,T), (4.12) 

*(0,a:) = *o J 16(0,1) 

and tp is the solution of HI. 1\) - H775\) . 

The second property required for the application of the inverse mapping theorem is the 
the existence of a continuous right inverse for dOri^i, 0), that may be proved exactly as 
[TUI Proposition 4] (it is a consequence of Proposition [T5] in Appendix) . 



Proposition 7 Let T > and fi G -ff 3 ((0, 1),R) be such that gTTJ) /loZds. TTie linear map 
dQr(<Pi, 0) : [Ts^i n ff ( 3 0) ] x L 2 ((0, T), M) -> [T s ^ n # ( 3 0) ] x[Hfl H? 0) ] 



has a continuous right inverse 

dGrCvi.O)- 1 : Ps^x n ff ( 3 0) ] x[Mn ff ( 3 0) ] -> [T 5 ^ n Hf 0) ] x L 2 ((0,T),R). 

4.4 Reaching the missed directions, at the second order, in large 
time. 

The goal of this section is the proof of the following result. 
Proposition 8 Let T > Tjj where 

_ / 2"- , r,L, + Et 3 ((t-i) + 2'- s ) 5 ^ 7 i/A-, = i, 
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There exists a continuous map 

A T : M -> L 2 ((0,T),M) 2 
z i y (v, w) 

such that, for every z £ M, the solutions ^ and £ of i3.1\) and i3.2\) satisfy $(T) = and 
t(T) = z. 

In this statement, the quantity T^ in is defined as follows. 
Lemma 3 The quantity 

T^ m := inf{T > 0; 3v± £ V^ T suc/i £/ia£ Qf >T («±) = ±1} 
is weZZ defined and belongs to (0,2/n]. 

Let us recall that Q\ T and Vt are defined in (|3.11[) , (13.131) . 

Proof of Lemma Let T ^ 2/tt. If u_ G Vt - {0} is supported on (0,1?) then 
Qi t( u ) < (see Lemma[2]). Let v + (t) := cos(7r 2 £)l[o.2/7r] (t). Then, v + £ Vt and 

Q?» = E^w> a ^7-2) >0 - 



4.4.1 Preliminaries 

Our proof of Proposition [5] requires 3 preliminary results. The first one consists in proving 
the existence of controls such that the projections of the second order term on the lost 
directions are non zero. 

Proposition 9 Let T > 0. For every j £ {1, N}, there exists Vj, Wj £ L 2 ((0, T), R) such 
that the associated solutions and £ 3 of h3. 1\) and iS.fy) satisfy 

&{T,-)=0, 

(^(t,.),Vk 3 -(t))^o, 

(?(T,-),^ k (T))=0, Vk£N*-{K 1 ,...,K N }. 

Proof of Proposition [9j Let j £ {1, N}. Thanks to Proposition|4j there exists Vj £ Vt 
such that Q 2 K . <T (Vj) ^ 0. Thanks to ([S3]) and (|XT3"j) . we have &(T) = 0. Thanks to 
(ED) we haive'{&(T),i/> Kj (T)) = Q%. )T (vj) + 0. The equality (T), ^fe(T)) =0, Vfc S 
N* — {-K"i, ...,ifjv}' is equivalent to the following trigonometric moment problem on Wj, 

f w J (t)e^" t dt= - -/ v j (t)(n&(t),<p k )e iX i> t dt,Vk£N*-{K 1 ,...,K N }. (4.14) 

Thanks to (|4.ip and |101 Lemma 1], the right hand side belongs to I 2 . Thus, Proposition IT51 
ensures the existence of a solution Wj £ L 2 ((0, T), K). ■ 

The second preliminary result for the proof of Proposition [5] is a measure of the rotation 
of the null input solution, precised in the next statement. 
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Lemma 4 Let T,T U 9 > be such that 0<T<T + 9^T 1 , v,w € £ 2 ((0,T),R) and 
vg,wg £ L 2 ((0, Ti), R) be defined by 

( (0,0) ift€(0,d), 
(v e ,w 9 )(t) := I {v,w)(t-9) ifte{9,9 + T), 
{ (0,0) ift£{9 + T,T 1 ). 

We denote by (\I/,£) and (\I/e,£g) the associated solutions of VS.l)) and h3.2)) . Then, for every 
keW 

(*fl(Ti),^ fc (Ti)) = e^-^ 9 (^(T),MT)), 
(ZefrlMTi)) = e^-^ e (aT),MT))- 

Remark 3 Note that, for k = 1, there is no rotation phenomenon. 

Proof of Lemma [4| We have 

for < t < 6, 

V e (t) = { y(t-9)e~ lXie ioi 9 <t<9 + T, 

e- iA ^- e - T ^ e (d + T) for 9 + T < t ^ Ti , 



thus 



MTi) = J2(^(T), Vk )e-^ e e-^^- e - T ^ k 

k=l 

= E<*(r),^(T))e i(A *~ Al) Vfc(Ti). 
fc=l 

The same relations hold for £g. ■ 

The third preliminary result for the proof of Proposition [5] is the non overlapping prin- 
ciple. 

Proposition 10 Let T > and Ti e (0,T). Let Vj e Vtj Wj £ i 2 ((0,T),R), ^ and 
be the associated solutions of Ii3.1\) and \3. 2\) for j — 1,2. We assume that v\ is supported 
on (0,Ti) and vi is supported on (Tx,T). Let v :— v\ + v 2 , w := ui\ + wi, ^ and £ be the 
associated solutions of iTO]) and CO|j. Tften *(T) = and £(T) = £i(T) + £ 2 (T). 

Proof of Proposition [10} We have *(T) = because v £ V T (see (O and fXT5)) V The 

control «i is supported on (0, Ti) and belongs to thus "fi is supported on (0, Ti) x (0, 1) 
(see (|3.3[) and f)3 . 1 3[1 . The function v-i is supported on (T\ , T) thus ^2 is supported on 
(Ti,T) x (0,1). Therefore 

(vi + w 2 )m(*i + *2) = vin^i + v 2 ^2 on (0, T) x (0, 1), 

i.e. £1 + £2 and £ solve the same Cauchy problem, thus £ = £1 + £2- ' 



4.4.2 Proof of Proposition [8] 

The strategy for the proof of Proposition [5] is the same as in [13]. It relies strongly on the 
rotation of the lost directions, emphasized in Lemma 01 However, it needs to be adapted 
because there is no rotation phenomenon on our first lost direction. In order to simplify the 
notations, in a first step, we prove Proposition [5] in the case 

N = 2, K 1 = l, K 2 =2, T s =2T^ in + -^-. 

M — M 

We will explain later how it can be adapted for N 3 and K\, Kn arbitrary. 
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Proof of Proposition [8j Let T, Ti, T e , T e , T* > be such that 

T > T, := 2T 2 in + , (4.15) 

A2 — Al 

T c <T g , T c + Tg< mm \ — ; T t - - ^ } , (4.17) 

l_ A2 — Al A2 — Ai J 

rl„ < t 1 < 5 (t - Ti - ■ (4-18) 

Since T), 1 > T^ in , there exists controls (v±,w±) E L 2 ((0,T^),M.) 2 , such that the associated 
solutions * ± and of (jXTjl and (pHjl satisfy 

* ± (T C 1 ) = 0, 
(^(T c 1 ),^(T c 1 ))=±i, 
(^ ± (T c 1 ),V fc (T c 1 ))=0, Vfc>3. 

According to Proposition [9j there exists controls (v 2 ,w 2 ) € T 2 ((0, T c ), R) 2 such that the 
associated solutions (^ 2 ,£ 2 ) of (|3.1[) and (|3.2p satisfy 

* 2 (T C ) =0, 

(£ 2 (t c ),V> 2 (t c )) ^o, 

(C 2 (r c ),V^(T c )) =0, Vfc>3. 
Firsi s£ep: Construction of a basis for M 2 , with nonoverlapping controls. Let 
Ot—T-Tx, 6 2 :=T-T 1 +Tg, 
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T-T 1 + 1 -^-, 4 := T - Ti + T t 



and (v 2 ,w 2 ) := (vg., Wg_) for j = 1, 4 with the notations of Lemma 2] (in which (T, Ti) is 
replaced by (T c , T)). Then supp(v 2 ) C (0j, 6j + T c ) for j = 1, 4 and 

T - Ti = 6>i < ft + T c < 2 < 0a + T c < 63 < 3 + T c < 4 < 4 + T c < T 

thanks to (|4.17p . thus the supports do not overlapp: 

Vji, j 2 G {1,2,3,4} with h ± 32 then Supp^fj n Supp(« 2 2 ) = 0. (4.19) 

We denote by (f 2 ,? 2 ) the associated solutions of (|3TT|) and ([3^2"]) . Then, * 2 (T) = and 
£ 2 (T) = f 2 + /? for j = 1, ...,4 where (see Lemma 0$ 

/ 2 = (e 2 (T c ),^(T c ))^(T), J 2 = e l ^" Al )^ Tl )(C 2 (T c )> 2 (T c ))^(T) ^ 0, 

/! = /?, ft=e^-W»fl 

ft = fl fl = e^-^^Tf 2 = -f 2 , 

fl = fl, fl = e^-^^l+^fl = -g. 

Moreover 

5R(/ 2 ,^(T)) =5R(e 2 (T c ),^i(T c )> = -||* 2 (T C )|| 2 = 0, Vj = l,...,4. (4.20) 

Note that (A 2 -Ai)T e e (0,tt), thus (/ 2 ,/ 2 2 ) is a R-basis of M 2 . This leads to M 2 = [f j=x M 2 
where 

M\ = {d 2 / 2 + d 2 / 2 ; d 2 > 0, d 2 > 0}, 

m| = K/l + 4/!; <J? > 0, d 2 > 0}, 

= K/f + rfl/l; d\ >o,d 2 > o}, (4 - 21 ^ 

M 2 4 = K/ 4 2 + d 2 / 2 ;d 2 >0,d 2 >0}. 
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Second step : Construction of a basis for M , with non overlapping controls. The time 
interval (T^T - T x - T^) has length {T —T\ — 2T^) > 2vr/(A 2 - Ai) thanks to (jiJSjl . thus 
there exists an odd integer k such that 

A:= r-^V e ( T c = T - T i- T c)- ( 4 - 22 ) 

Let us consider the following controls 

(v±,w±)(t) iHG^T, 1 ), 
,t, „ M/i . 1 (0,0) if i G (T*, A), 

(0,0) if t G (A + T^T), 

Then supp(V±) C [0,T- Ti) thanks to (|4~22]) . thus 

Vj € {1, 4}, Su P p(^±) n Supp(^ 2 ) = 0. (4.23) 

We denote by (*±,f±) the associated solutions of ([33]) and (|3T2l . Then, *±(T) = and 

&(T) = ±2#i (T) + (^(T^MTZW + e^- x ^}MT) = ±2i^(T) 
thanks to Lemma H] and Proposition [TU1 

Third step : Conclusion. Let z £ M. Let us construct controls (v,w) G L 2 ((0,T),R) 2 such 
that the associated solutions of {33]) and ([221) satisfy *(T) = and £(T) = z. The 

proof relies on the two following facts: 

1. ±2i-0i(T) and /? + / 2 for j = 1,2,3,4 are reachable states, with controls such that 
their supports do not overlap (see (|4.19[) and (14.231) ). 

2. any vector in M is a linear combination of 3 of theses vectors, with only non negative 
coefficients before /? + /?. 

There exists a unique j £ {1, 2, 3, 4} such that z e Af 1 + M 2 (see (|4~2lj0 . Then, 

z = ixipi(T) + difj + cfe/j+i for some di, <i 2 0, 2; G K 

with the convention /| = J 2 . We have 

2 = (i* - di/ 2 - d 2 ^ +1 ) + di (if + if) + d 2 (./f +1 + • 

As Re((/ 2 , V'i(r))) = 0, for all j = 1, ... ,4 (see l|O0)|). there exists « G {+, -} and c > 
such that 

ix - di/ 2 - d 2 / 2 +1 = n2icipi(T). 

Then, 

z = k2»c0i(T) + dr(/ 2 + ff) + da(/? +1 + / 2 +1 ), 

i.e. z is a linear combination of 3 states that are reachable with non overlapping controls. 
Hence the map 



A T (z) := (v,w) := (\fcV K + y/diVj + \fa\v 2 j+l) cW K + diw] +d 2 Wj +1 ), 
gives the conclusion. 
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Now, let us explain the adaptation of this strategy for N > 3. As previously, we denote 
by K\ < • • • < Kn the directions missed at the first order and we explain how to reach a 
basis of missed directions on the second order (|3.2[) . iteratively. 

The first step consists in reaching a K + basis of M N , the projections on M 1 , . . . , M N_1 
being possibly non zero. This is done as in the first step of the proof of Proposition [5J by 
designing four controls with non overlapping supports. It is done in any time T\ > Xk ■ 

The (k + l) th step consists in reaching a R + basis of M N ~ k while driving to zero the 
projections on M J , for j = N — k + 1, . . . , N. This can be done iteratively in the following 
way. Let (v(°\w^) be as in Proposition IHl for a sufficiently small time and for j = N — k. 
Then, the controls 



(i) W (D 



) + («, 



with 8 



A 



Kb 



Ai 



drive the projection on M to zero while the projection on M is still non zero, thanks 
to Lemma |4] We iterate this construction 



( w (j+i) >u ,w+i)) = (yV) )W v)) + ( v p,wP), with e = 



- Ai 



for j = 0, k — 1. 



Then the controls = (i/ fc ), tt;( fc )) drive the projection on M N , . . . , M N ~ k+1 to zero 

while the projection on M N ~ k is still non zero. Finally, we can find Tg sufficiently small 
such that (v, u>) and (vt 6 , wt 8 ) have non overlapping supports and the four pairs of control 
(v,w), (v Te ,w Tg ), (v p ,Wp) and (v p+Te ,w p+Tg ) with p 
(k + l) th step. This can be done in any time T > 



allows to conclude the 



The final step depends on the value of K\. If K\ > 2, we end with the same strategy. If 
K\ = 1, the elementary brick of control cannot be designed in arbitrary small time but in 
time greater than T^ in . This is why the expression of Xjj changes when K\ = 1. 

Figure [1] illustrates the distribution of controls during the A th step with pj := — 



P3 



P2 



Pi Po 



C)0 ©0 ©0 00 0© ®® @® ®® 



— ► 

Time 



0© ©0 
Po 



©© @© ©© ©® ©© ©© 



Pi 



'Pi 



Figure 1: Four directions lost 



4.5 Proof of Theorem [3] 

Let T > Tj and ipf £ ff? ^(0, 1) be close enough to ipi{T) (this will be precised later on). 
The goal of this section is the construction of u 6 L 2 ((0,T),R) such that 

• the solution of ([L~T ]) -(rO] ) satisfies ip(T) =tpf, 
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• u tends to in L 2 ((0,T),R) when ip f -> ipi(T) in # ( 3 0) (0, 1). 
To simplify the notations, we assume K\ = 1. 

Let Ti £ (T(j,T) and <5i > associated to the map of Theorem [5] From now on, 

we assume that 

Uf - MT)\\ H f 0) <6i- (4.24) 

One may assume that Si small enough so that condition (|4.24[) implies $t(ipf,i/ji(T)) > 0. 
We introduce the map 

Fip f '■ MnS£ W) (Q,p) ->■ M 
where 

• p € (0, 1) will be chosen later on, 

• Vm '■ L 2 (0, 1) — > M is the L 2 -orthogonal projection on M 

N 

v M (0 ■= ^((C, MT)))MT) + E(C ^ ( T )>^ 3 (T). 

• -02 is the solution of (|l.ll) - (|1.4p associated to the control u z defined by 

a/NK + \\ z \\ w z on(0,Ti), 
T^T^iT^VT^f}) on (Ti,T). 

where |.| is the L 2 (0, l)-norm and 

%A(T-T X ), 

(v z ,w z ) := A Tl 



Ikll 

Note that, for every z, "Pr[?/j z (T)] = Vt\^}\- Thus, our goal is to find z* such that 

F i , f (z*)=V M bPf}. 

First, let us check that the map F^. is well defined when p is small enough. 

Proposition 11 There exists p > such that, for every ipf £ 7Jj^(0, 1) with \4.24\) , the 
map F^ f is well defined and continuous on M fl ^l 2 (o,i)(0, p)- 

Proof of Proposition II It In order to prove that F^ f is well defined, it is sufficient to find 
p > such that 

||*|| <p =*- \\MTi)-MTi)\\h^<Si. (4.25) 
Thanks to Proposition [I] there exists Ci, C[ > such that, for every z £ M, 

Thus, (|4.25l) holds with p := min{l; (Si/C[) 2 }. The continuity of Fy, is a consequence of 
the continuity of T[ Tl T ] and the continuity of the solutions of (|1.1[) - (|1.5[) with respect to the 
control u and the initial condition ipo (see 



One may assume p small enough so that 

11*11 <p => $t(ip z (T),ipi(T)) > 0. 
The goal of this section is the proof of the following result, which proves Theorem 2) 
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Proposition 12 There exists S £ (0,<$i] such that, for every tpf 6 £Z, 3 n(0, 1) with 

U f -MT)\\Hl 0) <5 (4.26) 

t/iere exists — z*(ipf) € M n -Bj,2 (0, p) smc/i t/iat F,/, , = 7 , A/['i/'/] ■ Moreover, z*(ipf) — > 
when ip f -> m i? ( 3 0) (0, 1). 

Combining ^[^(T)] = Proposition [T2l and ||-0 2 (T)|| L 2 = ends the 

proof of Theorem 2J The proof of Proposition 1121 requires the following preliminary result. 

Proposition 13 There exists C > such that, for every ipf g H^(0, 1) wit/i {4-'M\) an d 

Proof of Proposition I13t first step: Let us prove the existence of C% > suc/i t/iat 

\\MTi)-MTi)-e^ T ~ T ^z\\ Hto) ^dHzll 3 / 2 , feStfnB y(0il) (0,p). (4.27) 

Let ^z, £ z be the solution of (|3.1[) and (|3.2p associated to the controls u z and w z . Then, 
* z (Ti) = and f(Ti) = e iA ( T - Tl V||z||. Thanks to Proposition [J there exists C > such 
that 

||^-V'i-vlN**-|l«ll6lUo. (( o 1 r) 1 fl» ) ) <C\\z\\ 3 / 2 ,VzeMnB L2{0>1) (0,p). 
which gives (|4.27D . 

Second step: Let us prove the existence of C% > such that 

\\u z \\ L 2 (TuT) ^C 2 [H f -MT)\\Hf 0) +\\4], VzGAfnS ia(Ol i)(0,p). (4.28) 

The map rW^i is C 1 and T[ Tl T ](ipi(Ti),0) = 0, thus there exists C > such that, for 
every 2 6MnBy (0il) (0,/i), 

l|r [n ,ri(^m),^r^/])||L»m,r) < c[\\MTi)-MTi)\\ H f 0) + PMiMIIh?,,,]- 

We get @72g} thanks to (|4~271) . 

Third step: Let us prove the existence of C3 > suc/i t/iat 

llik - tfilU~(cr 1 ,n 1 fl» ) ) < C'sIIIV'/ - ^i(^)IUf 0) + Nil], Vz e m n B i2(0)1) (o, P ). (4.29) 

Thanks to (|4.27|) and Proposition [TJ we get a constant C > such that 

|| - ^i||i~((Ti,T),jr3 o)) < C[\\z\\ + ||u 2 || L 2 (Tl , T) ],V2 G MnBy{ ,i)(0,p), 
which gives (|4~29| thanks to P~28|) . 

Fourth step: Conclusion. Thanks to the Duhamel formula, we get for every z € M n 
Si,2(o,i)(0,p) 

iif^(z)-z|| = iiTM^cni - *ll 

^ \\r M [e' lA(T ' Tl H z (Ti)} - z\\+fl \u z {T)\\\V M Wz{T)\\dT 

< HTM^CTi) - ^(T0 - e^( T - T ^z]|| + \u z (r)\\\V M H^ - ^)(r)||rfr 
*S \\ MTi)- MTi)-e* A ( T - T ^z\\ 

+yr - ri||u z || £ 2( rii T )||V) z - -0iIU~((t 1 ,t).l2) 

< dHzf/ 2 + VT^TTC 2 C 3 [||V>/ - Vi(T)|U + ||z||] 2 



< c( P )[\\z\\^ + H f -MT)\\ 



2 
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To pass from the first line to the second one, we use the commutativity between e lAt and 
Vmi the isometry on L 2 (0, 1) of e zAt . To pass from the second line to the third one, we use 
the relation Vm [W'i CO] = (that holds because (/J,(pi, fK,) — for j = 1, N). ■ 

Proof of Proposition I12t We introduce the map 

G 0/ : Mn% (O!l) (0,p) -> M 

z i y z + V M bPf]-F(z). 

Our goal is to prove the existence of a fixed point z* = z*(ipf) to the map G^ f . Thanks 
to Proposition [T31 there exists C > (independent of ipf) such that, for every z € M H 
£l2(o,i)(°;P)> 

||G V)/ (z)|| <||«-F(«)|| + ||pAf[V/]|| ,„ on , 

< ciu f - MT)\\ 2 H , + INI 3/2 ] + Uf ~ MT)\\ H , ( 4 - 3 °) 

(o) C°J 

Let p' € (0, p) be such that 

CV7<l/2 (4.31) 

and 5 S (0, 8\) be such that CS 2 +S < p' /2. If -0/ satisfies (|4.26[) . then G,/,, maps continuously 
M n -B£2( 0jl )(0, p') into itself. Thanks to the Brouwer fixed point theorem, there exists a 
fixed point z* = z*(V/) of G 0/ in M n B L 2 (0il) (0, p'). We deduce from (|430|) and (|43T|) 
that 

||z,(V/)ll ^ 2[cu f - MT)\\ 2 Hfo) + H f - MT)\\ Hfo) }, 

thus z*(^>/) when V/ -> i>i(T) in ff ( 3 0) (0, 1). ■ 



5 Proof of Theorem [6] 

In this section, we prove Theorem [S] when p'(0) = //(l) 7^ 0. The case p'(0) = — p'(l) 7^ 
may be proved similarly. The strategy is similar to the one of the previous section, excepted 
that, for some lost directions, the second order may vanish and thus, we need to go to a 
higher order. We prove that the third order is sufficient. 



5.1 Heuristic 

Let us consider a control u of the form u = ev + e 2 w + e 3 v, then, formally ip = tpi + + 
e 2 £ + e 3 C + o(e 3 ), where <f and £ solve (j3~Tjl and (j3~2jl and 

idtC = - v(t)ii(x)£ - w(t)p(x)V - v(t)ii(x)i(>i, (t,x) £ (0,T) x (0,1), 
C(t,0)=C(t,l) = 0, *e(0,T), (5.1) 

C(0,x)=0. ace (0,1). 

Let us assume that K € N* satisfies (fj,(pi,(fx) — and that the quadratic form 
(5ff T vanishes on Vr (see Proposition [S]). Then, one may prove that for any v <E Vt, 
(£(T),iPk(T)) — Q%t( v ) where Q\ T is the cubic form 

pT f-t\ pt2 

Qk,t{v)-= v(h) v(t 2 ) v(t 3 )h(t 1 ,t2,h)dt 3 dt2dt 1) 
Jo Jo Jo 

00 00 

^,t(*1,*2,*3) Sj . ij2 e^K-A, 1 )tx+(A il -A i2 )t 2 +(A, 2 -A 1 )t 3 ] ) 



23 



Proposition 14 Let fi e i? 3 ((0, 1), M) and K € W be such that /z'(0) = ^'(1) ^ and 
(lJ,cpi,(p K ) = 0. Tften, 

• either, for every A > 0, there exists n ^ A such that (fitpic, (p n }{[Aip n , (p±) =/= 

• or, for every A > 0, there exists ni,ri2 *S A such that 



Proof: The proof relies on the equality (|4.5p . If X is odd, we are in the first case. If K is 
even and if we are not in the first situation, then, the second situation holds: consider n\ 
odd, ri2 even, both large enough. ■ 

The previous and next propositions show that any lost direction (at the first order) is 
recovered either at the second order, or at the third order. 

Proposition 15 Let \i € H 3 {{0, 1),K), K € N* be such that 

(fiip K ,ip ni )(fiip ni ,ip n2 )(^ip n2 ,(pi) ^ for some n 1} n 2 > K. 
Then, Q% T ^ on V T , VT > 0. 

Proof of Proposition [TBI To simplify the notations, we write Qt and h instead of Q 3 K T 
and h\. Working by contradiction, we assume that Qt = on Vt, for every T < T* . Then 
VQt(w) -L Vt, for every v e Vt and T < T*. Easy computations show that, for v G Vt, 



Vg r (f) :i 3 >-> / v{t 1 )v{t 2 )[h{t u h,ts) + h{t 1 MM) + Kt3MM)]dtxdt 2 

J(0,T) 2 

where h(ti,t2,ta) := h{t\,t2,t^)lt 1 yt2>t 3 - Let v <E Vr with a compact support (a,b) C 
(0,T). For t 3 e (0,o), we have 



VQr(»)(t 3 ) = - XI afe >- 



fe a =l 

where 

oo 

We know that VQ T (v) belongs to Adh i2 ( 0i T) (Span{e ±i(A ^ Al)t ; j € J}) because VQt(v) _L 
Vr- The uniqueness of the decomposition on a Riesz basis ensures that 

oo 

VQr(»)(t a ) = E ^ 2 («)e l(Afc2 - Al) * 3 ,Vt 3 G (0,T). 



fc 2 =i 



For i 3 e (6, T), we have 



Thus. 



fc,=i 



X)(Wif.V*i)Ofc 1) r(«)e i(Ajf - A * l)tl = E «fe 2 («)e l(Afc ^ Al)t3 ,Vfo<t 3 < T. 
fci=i fc 2 =i 
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Notice that the frequencies (\k — A^) in the left hand side are < when k\ > K, and the 
frequencies (Afc 2 — Ai) in the right hand side are 0. The functions compactly supported 
on (0, T) are dense in Vr, thus 

(PfJf.^JQi.rW = 0,Vfci > K. 

But C°(0,T) n V T is dense in V T , thus 

(WK,^fc 1 )Qfc 1 ,T = on V T ,Vfci > X. (5.2) 

Let ni,n 2 > if be such that (fiipK,ip ni )(tJ'ipnn i Pn2)(t J ' ( Pn2> i Pi) 7^ 0. In particular, 
(l±LpK, t fk 1 ) 7^ and QjL T ^ on ¥r, for every T > thanks to Proposition [S] This 
is in contradiction with (15.211 . ■ 



Remark 4 TVoie that the third order may be necessary. For example, with fi(x) :— x — 
(xipi, <~pk) { Pk /'Pi, where K £ N is even, we have (fj,(p-L,(p n )(fiip n ,ipK) = 0, Vn £ N*, thus 



?K,T = 0. 



5.2 Changes with respect to the proof of Section [4] 

Let A/jv := {k £ N* ; k is odd and k < N or k is even }. Using, (|4. 5[) it comes that 
{K £ JVn ; (^'Pi,'Pk) = 0} is finite. Thus, there exists p £ N* and Kx < ■ ■ ■ < K p £ W such 
that for any j £ {1, . . . ,p}, ([Mpi, Pk 3 ) = 0. The estimate (|4.5|) also implies the existence of 
C > such that 

C_ 



Km.^l vfc £ Nn — {K\ , . . . , at p }. 



For any T > 0, Propositions ITU and [TBI imply that for any j s {1, . . .,p}, if Q^-. T vanishes 
on Vt, then Q\. T ^ on Vr- 

Let /C( 2 ) := jj £ {1, . . . ,p} ; Q 2 ^. T ^ on VW and /C( 3 ) := {1, . . . ,p} — IC^K The spaces 
AP and M are defined as in (14.71). (14.81). Let us define 



M (2) := AP, M (3) := AF. 

Thus, M = M (2 ) © M( 3 ). Proposition [5] holds with M replaced by M (2) . As T (—v) = 

~Qk t( v )i we can reach a basis of on the third order in arbitrary time. More precisely, 
the following proposition holds. 

Proposition 16 Let T > 0. There exists a continuous map 

A T : M (3) -> L 2 ((0,T),R) 2 

2 I — ^ (^,10,^) 

smc/i that, for every z £ M($\, the solutions £ and £ o/ 13.1)) . i lff . ]| ) and 15. i)) satisfy 
^r(T) = 0, £(T) = and CCO = z. 

Finally, Theorem [5] is proved, as in Section 14.51 using a fixed point argument where the 
control u z is defined by 



u z :-- 



VlNK + INk* 2 + \\z 3 \\ 1/3 v Z3 + \\z 3 \\ 2 / 3 w Z3 + \\z 3 \\i> Z3 on (0.T0, 
r [ r 1 ,r|(^(Ti),'Pr^/]) on (Ti,T). 



where z 2 + 23 = z with (z 2 , 23) £ M(o) X Af( 3 ) and 



(u 22 ,w Z2 ) := A 3 

z 2| 
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Remark 5 As Proposition^ is the only step requiring a minimal time, it has to be noticed 
that if = 0, Theorem^ holds in arbitrary time 



6 A first step to the characterization of the minimal time 

In this section, we focus on the system 

id t ip(t, x) = -3*ip(t, x) - u(t)n(x)ip(t, x), (t, x) G R x (0, 1), 
tp(t,0) = v>(t,i) =0, teR, (6.1) 

s'(t) = u(t), t e r, 

associated to the initial conditions 

foM)(0) = fo>i,0). (6.2) 

We consider a dipolar moment n G _ff 3 ((0, 1), R) such that (fiipi,ipi) — (for instance 
n(x) = (x — 1/2)). We use the notation Qt instead of Q^t (see (|3.14l) - (|3.15p ), Qt instead 
of Q\ T (see (j3.7p - p.8p ). k(t, r) instead of ki t T(t,r) and the spaces 

V T := |« G L 2 (0,T);J^ v(t)e iuljt dt = 0, Vj G JU{1}| 

V T := 1 5 G L 2 ((0,T),R);^ S(t)e iUjt dt = 0, Vj G J-{1}| 

(see (13.51) for the definition of the set J). Let us introduce the quantities 

T^„ := sup{T > 0; Q T < on V T }, 

T^ m := inf{T ^ 0; 35± G V T n 5^(0, T) such that fi T (S±) - ±1}. (6.3) 
Lemma [5] ensures that T^ in > and the following proposition justifies the existence of T^ iTl 

Proposition 17 Let G if 3 ((0, 1),R) be such that (fj,<pi,<pi) = 0. For every T > 2/n, 
there exists S± G Vt H i?o(0,T) smc/i i/iai <2t(S±) = ±1; or ; equivalently, there exists 
v± G smc/i f/ia£ Qt(w±) = ±1- Thus, 



2 

fl <r" T* <r" T 1 < T 2 < — 
w ^ 1 ^ mm ^ ^ mm ^ _ ' 

7T 



where T* is as in Lemma\^ 



This Proposition may be proved as Lemma [3] The goal of this section is the proof of 
the following theorem. 

Theorem 9 Let fi G H 3 ((0, 1),R) &e smc/i t/iat 

(//yi, tpi) = and 3c > such that — ^ <Pk)\, Vfc G J. (6-4) 

i. For every T < T^ nin , there exists e > such that, for every u G Z/ 2 ((0,T),R) with 
nTm) the solution of Un\) - nr$) satisfies (tp,s)(T) ^ [[VT^¥+iS\'ip 1 (T),0) for every 
6>0. 
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2. If, moreover J = N* — {1}, then, for every T > T^ in , the system \6.1\) is controllable 



in HhJO, 1) x R, locally around the ground state (tp — ipi,s = 0), in time T, with 



controls u £ Z/((0,T),R). 

In particular, when J = N* — {1}, the minimal time T m i„ required for the local controllability 
satisfies T m i n € \T min , T min ] . 

Remark 6 The equality between T^ in and T^ in is an open problem, equivalent to the ques- 
tion addressed in the next paragraph. 

Let Pt be the orthogonal projection from L 2 ((0, T), R) to the closed subspace Vt and ICt 
be the compact self adjoint operator on L 2 ((0,T),R) defined by 



1C T := Pt 



■t 

t^ I k{t,T)S(T)dr 
o 



We know that 



• for any T < T^ nin all the eigenvalues of ICt are < A\ (see the first statement of 
Theorem^), 

• for any T > T^ lin , the largest eigenvalue of ICt is > A\. (by definition ofT^^). 

For T > T^j n , does the associated eigenvector belong to Hq((0,T),M.)? 

The proof of the second statement of Theorem |H] may be done exactly as in Section [U 
Indeed, when J = N* — {1}, then 

1. the vector space M of lost directions (at the first order) is iR?/>i(T), 

2. for any T x G (0, T), the controls S± € V Tl CiH£(0, T) allow to reach the states ±#i(T) 
with the second order term; moreover, (iipi(T), —iipi(T)) is an 'R + -basis' of M 

Thus, in this section, we focus only on the proof of the first statement of Theorem [51 which 
is a direct consequence of the following result. 

Theorem 10 Let \i £ H 3 ((0, 1),R) that satisfies {6.$ - For every T < T^ in , there exists 
e > such that for every s £ L 2 ((0,T),R) with ||s||l2 < e, the solution of the Cauchy 
problem UTMl - UTM) satisfies 4>{T) ^ (VT^lP + iS)i) X {T), > 0. 

In section |6~TI we state several preliminary results for the proof of Theorem [TUJ which is 
detailled in section l6~2"l 

6.1 Preliminaries 

For T > and r\ > 0, we introduce the sets 



V T<n := {SeL 2 (0,T); 



T \ 

S{t)e lw ^dt 



jeJ-{i} 



< »7||<S]U 3 (o,t) > (6-5) 



(see p.5[) for the definition of J). 

Proposition 18 For every T < T^ in , there exists A = A(T), n = rj(T) > such that 

Qt(S)^-X(T)\\S\\1^ t) , VSeV T , (6.6) 

QHS) ^ -^\\S\\ 2 L2{0tT) , VSeV T ,,. (6.7) 
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This proposition may be proved with the formalism of Legendre quadratic forms (see 
[12J ) . For this article to be self contained, we propose an elementary proof. 

Proof of Proposition I18t 

First step: Proof of fiTty : For T G (0,T^ jn ), we define the quantity A(T) ^ by 

- A(T) := sup{Q T (5); S G V T , \\S\\ L 2^ T) = 1}. (6.8) 

First, let us emphasize that, if A(T) ^ 0, then, there exists S G Vr such that ||S'||l 2 (o,t) 
1 and Qt(S') = A(T) (consider a weak L 2 (0, T)-limit, of a maximizing sequence and use the 
compactness of the operator K : L 2 (0, T) -> L 2 (0, T) defined by KS : 1 1-> S(r)k(t, r)dr). 

Let us assume that there exists T G (0,T^ in ) such that A(T) = 0. Let T x G (T.T^J. 
Let 5* G V T such that ||£*||£a(o,T) = 1 and Q T (S«) = 0. We extend S* on (T,Ti) by 
zero. Then, 5* G Vz\ and QtiOS*) = max{Q Tl (5); 5 G Vt} = thus (Euler equation) 
VQti(5**) J- Vtj, i.e. there exists a unique sequence (fljOjeJ— {1} ^ ^ 2 sucn that 

VQ T A(*) = 51 Oj-e^ini^O.Ti). 
jeJ-{i} 

However, we have 

VCTi (£.)(*) = -AS*(t) + / 5*(r)fc(t,r)dr,Vt G (0,T X ). 

Jo 

In particular, VQt^S**) = on (T,Ti) thus (Ingham) Oj = 0. We have proved that 

i r* 

S*(t) = - S,(r)k(t,T)dT,yt £ (0,T). 
A Jo 

Thus, 5,(0) = 0, 5* G i? 1 ((0,T),R) and <S^ satisfies the same relation. Iterating this result, 
we get Si n) (0) = and si n) G Ker(-ATd + K) for every n G N. But K is compact, so 
dim[Ker(- AM + K)] < +oo. Thus there exists N G N* and a , • • • , cln-i G K such that 

rtlAH rr , rr/ . . c( JV ~ 1 ) 

£>* = aoo* + aii, + • • • + ajv_i<b* 
5.(0) = 0,»- ,^ 1} (0) = 

Therefore S 1 * = 0, which is a contradiction. 

Second step: Proof of \6. 7)j : Let 77 > and 5 £ Vt,t) with ||S||£2 = 1. Let d := (dk)k^2 be 
defined by 

d k ■= [ S(t)e tUkt dt,\fk ^ 2. 
Jo 

Then \\d\\i2 ^ r\. Let S := Lx{d) and So := S — S, where Lt is as in Proposition Q33 Let 
C{T) := \\L T \\. We have 

||5|| L 2 < C(T)r, and l-C(T)r)^\\S \\ L 2^1 + C(T)r,, (6.9) 

Using the first step and Cauchy-Schwarz inequality, we get 

Qt(S) = Qt{S + §) 

= Qt(So) + Qt(S) + J T S (t) f* S(s)k(t, a)dsdt + S(t) f* S (s)k{t, s)dsdt 

< -A(T)||5 ||| a + i\\k\U\S\\ 2 L2 + 2r||fc|j oo ||5 || i2 ||S|| i2 

< -A(T)[1 - C(T) V ] 2 + f WkW^CiTfrf + 2T\\k\\ 00 [l + C{T)rj\C(T)rj. 

Thus, for r] small enough, we get Q T (S) < -A(T)/2 < 0. ■ 
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6.2 Proof of Theorem [TO] 



Let T < T^j n . We proceed as in the proof of Theorem [7J Working by contradiction, we 
assume that, for every e > 0, there exists s e S L 2 (0,T) with ||s e |jx,2 < e such that the 
solution ^ of d3HHI)-(EI22I) satisfies 



(6.10) 



for some 5 e > 0. The only point that needs to be clarified is that, for e > small enough, 
s e E Vt.i; (with rj = rj(T) as in Proposition [TS]). Thanks to (|6.4p and Proposition [31 we have 



(jf s e (t)e iUjt dt) 



^ c 



((^(T),^(T))) 



e^dt 



+ C|| S ," 2 



/i 1 



(6.11) 



which gives the conclusion. 



7 Conclusion, open problems, perspectives 

In Theorem [31 we have proposed a general context for the local controllability of the system 
(jl.ip to require a positive minimal time. This statement extends Coron's previous result in 
[T5] because: 

1. it does not use the variables (s,d) in the state, 

2. the control u has to be small in H^ 1 (not in L°°), 

3. fi(x) is not necessarily {x — 1/2). 

The validity of the conclusion without the assumption Ak 7^ is an open problem. 

In Theorem HI we have proposed a sufficient condition for the system (|1.1|) to be con- 
trollable around the ground state in large time. This sufficient condition is compatible with 
the general context of Theorem [3J thus there exists a large class of functions /i for which 
local controllability holds in large time, but not in small time. 

The existence of a positive minimal time for the controllability is closely related to a 
second order approximation of the solution. When a direction is not controllable neither at 
the first order, nor at the second one, then it is recovered at the third one, and no minimal 
time is required. 

The characterization of the minimal time for the local controllability around the ground 
state is essentially an open problem. A first step has been done in this article, when only 
the first direction is lost. 

In [T3], Crepeau and Cerpa prove the local controllability of the KdV equation, with 
boundary control. When the length of the domain is critical, the linearized system is not 
controllable along a finite number of directions, but all of them are recovered at the second 
order. The existence of a positive minimal time, required for the local controllability is an 
open problem. The technics developed in this article may be helpful for this question. 
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A Trigonometric moment problems 

In this article, we use several times the following result (see, for instance [101 Corollary 1 in 
Appendix B] for a proof). 

Proposition 19 Let (aJk)keN be an increasing sequence of [0, +oo) such that uik+i — &k — > 
+oo when k -> +oo and lu 1 = 0. Let Z?(N*,C) := {d = (d k ) keN * G Z 2 (N*,C);di € R}. 

1. For every T > 0, there exists a continuous linear map 

L T : %(W,C) -> i 2 ((0,T),M) 
d i y L T (d) 

such that, for every d = (dfc)fegN* G i (N*,C), i/ie function v := Lx(d) solves 

[ v(t)e Wkt dt = d k ,VkeN*. 
Jo 

2. For every T > f/iere exists a constant C — C(T) such that 

2 

dt, V(a fe ) feeN . e; 2 (N*,C). 
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